A. S. Lipson constructed two state models yielding the same classical link invariant obtained from the Kauffman polynomial F (a, z). In this paper, we apply Lipson's state models to marked graph diagrams of surface-links, and observe when they induce surface-link invariants.
Introduction
A marked graph diagram is a link diagram possibly with some 4-valent vertices equipped with markers. S. J. Lomonaco, Jr. [14] and K. Yoshikawa [17] introduced a method of describing surface-links by marked graph diagrams.
Yoshikawa [17] studied surface-links via such diagrams and made a table of surface-links with "ch-index" ten or less. M. Soma [15] studied surfacelinks described by marked graph diagrams of square-type, and constructed some interesting series of surface-links. Local moves on marked graph diagrams introduced in Yoshikawa's paper [17] are so-called Yoshikawa moves. It is known that two marked graph diagrams present equivalent surfacelinks if and only if they are related by a finite sequence of Yoshikawa moves [8, 16] . So one can use marked graph diagrams in order to define surfacelink invariants. The third author gave a framework to construct invariants of surface-links from classical link invariants via marked graph diagrams in [10, 12] . Especially he considered invariants derived from a skein relation in [11] . The first author, the third author and J. Kim [3] defined ideal coset invariants for surface-links.
In this paper, we review Lipson's state-sum invariants R D and S D of classical links from [13] . He found two conditions on x, y, z, w for the state-sum [D] to be invariant under Reidemeister moves Ω 2 and Ω 3 (see Fig. 5 ). After normalizing [D] , he had the state-sum invariants R D and S D . We generalize his state models to marked graph diagrams and investigate conditions so that the state-sum can be used for invariants of surface-links. Then we obtain two invariants R ′ D and S ′ D of surface-links. We also consider another state-sum Q D that is invariant under all Yoshikawa moves except the moves Ω 4 and Ω ′ 4 (see Fig. 5 ). It gives an obstruction for Yoshikawa moves Ω 4 and Ω ′ 4 . This paper is organized as follows. In Section 2, we prepare some preliminaries about marked graph diagrams of surface-links and Yoshikawa moves. In Section 3, we review Lipson's state-sum invariants R D and S D of classical links. In Section 4, we first define the state-sum [D] of a marked graph diagram D and then generalize Lipson's state-sum invariants to invariants for surface-links in R 4 , denoted by R ′ D and S ′ D . In Section 5, we study these invariants. In Section 6, we show that the state-sum Q D is an obstruction for Yoshikawa moves Ω 4 and Ω ′ 4 .
Marked graph diagrams
In this section, we review the method of describing surface-links by marked graph diagrams. By a surface-link L we mean mutually disjoint connected and closed (possibly orientable or nonorientable) surfaces smoothly (or piecewise linearly and locally flatly) embedded in the 4-space R 4 . When it is connected, we also call it a surface-knot. Two surface-links are said to be equivalent if they are ambient isotopic in R 4 . A marked graph is a spatial graph G in R 3 which satisfies the following:
(1) G is a finite regular graph with 4-valent vertices, say v 1 , v 2 , ..., v n .
(2) Each v i is rigid; that is, we fix a rectangular neighborhood
, where v i is the origin and the edges incident to v i are presented by x 2 = y 2 .
(3) Each v i has a marker, which is the interval on N i given by
Two marked graphs are said to be equivalent if they are ambient isotopic in R 3 with keeping the rectangular neighborhood and the marker at each vertex.
An orientation of a marked graph G is a choice of an orientation for each edge of G in such a way that every rigid vertex in G looks like
, up to rotation. A marked graph G is said to be orientable if G admits an orientation. Otherwise, it is said to be non-orientable. Note that there is a non-orientable marked graph (see Fig. 1 ). By an oriented marked graph we mean an orientable marked graph with a fixed orientation. For t ∈ R, we denote by R 3 t the hyperplane of R 4 whose fourth coordinate is t ∈ R, i.e., R 3 t := {(x 1 , x 2 , x 3 , x 4 ) ∈ R 4 | x 4 = t}. A surface-link L in R 4 = R 3 × R can be described in terms of its cross-sections L ∩ R 3 t for t ∈ R (cf. [2] ). It is known [4, 7, 8, 14] that any surface-link L can be deformed into a surface-link L ′ , called a hyperbolic splitting of L, by an ambient isotopy of R 4 in such a way that the projection p : L ′ → R to the fourth coordinate satisfies the following:
(1) All critical points are non-degenerate.
(2) All the index 0 critical points (minimal points) are in R 3 −1 . (3) All the index 1 critical points (saddle points) are in R 3 0 .
(4) All the index 2 critical points (maximal points) are in R 3 1 .
Let L be a surface-link in R 4 and let L ′ be a hyperbolic splitting of L. Then the cross-section L ′ ∩ R 3 0 at t = 0 is a 4-valent graph in R 3 0 . We give a marker at each 4-valent vertex (saddle point) that indicates how the saddle point opens up above as shown in Fig. 2 . The resulting marked graph is called a marked graph presenting L. It is usually described by a diagram on R 2 called a marked graph diagram or a ch-diagram (cf. [15] ). Let BL = (L, B) be a banded link. By an ambient isotopy of R 3 , we shorten the bands so that each band is contained in a small 2-disk. Replacing the neighborhood of each band to the neighborhood of a marked vertex as in Fig. 3 , we obtain a marked graph, called a marked graph associated with BL. Conversely when a marked graph G in R 3 is given, by replacing each marked vertex with a band as in Fig. 3 , we obtain a banded link BL(G), called a banded link associated with G.
Let G be a marked graph and BL(G) a banded link associated with G. We denote by L − (G) the link L, and by L + (G) the link obtained from L 
, resp.) is obtained from D by smoothing the marked vertices, which we call the negative resolution diagram (or positive resolution diagram, resp.) of D. Fig. 4 shows an example of a marked graph diagram D and its associated banded link, and the negative and positive resolutions.
A marked graph diagram D is said to be admissible if both resolutions We recall how to construct a surface-link from a given admissible marked graph diagram (cf. [5, 6, 7, 17] ).
Let D be a marked graph diagram. Let BL(D) = (L, B) be its associated banded link. Let B consist of bands B 1 , . . . , B n . We define a surface
We 
When D is admissible, we can obtain a surface-link from F (D) by attaching trivial disks in R 3 × [1, ∞) and trivial disks in R 3 × (−∞, 1]. We denote this surface-link by S(D), and call it the surface-link associated with D.
We say that a surface-link L is presented by a marked graph diagram D if L is equivalent to S(D). Any surface-link can be presented by a marked graph diagram.
Yoshikawa moves for marked graph diagrams are local moves Ω 1 , . . . , Ω 5 (Type I) and Ω 6 , . . . , Ω 8 (Type II) illustrated in Fig. 5 and Fig. 6 . It is known that two admissible marked graph diagrams present equivalent surface-links if and only if they are related by a finite sequence of Yoshikawa moves [8, 9, 16] .
Figure 5: Moves of Type I 
Lipson's state model for classical links
We first explain Lipson's state models for classical link invariants from [13] . Some notations in this section are different from [13] . Lipson [13] observed that to obtain invariance of [D] under Reidemeister move Ω 2 we are led to the relations:
and these relations are also sufficient to obtain invariance under Reidemeister move Ω 3 . As a consequence, we have the following. [13] . Let F D (a, z) be the Kauffman polynomial and let N be the number of the components of the link presented by D. Lipson [13] proved that
. Thus R ori D and S ori D are two distinct state models for the same link invariant derived from F D (a, z).
Next we consider a case where K is unoriented. We denote by sw(D) the self-writhe of D. to be invariant under Yoshikawa move Ω 8 :
Proof. Possible legal labellings are as shown in Fig. 13 Let D be a marked graph diagram, and let D + = L + (D) be the positive resolution diagram of D, i.e., the link diagram obtained from D by smoothing at each marked vertex along the marker (see Fig. 4 When D is an oriented marked graph diagram, any companion loop ℓ satisfies either that (i) for any arc on D on which ℓ runs, the orientation of the arc of D is in the same direction of ℓ or that (ii) for any arc on D on which ℓ runs, the orientation of the arc of D is in the opposite direction of ℓ.
In the former case, we call ℓ to be compatible with respect to the orientation of D. Proof. The orientation of D induces orientations of the edges of the 4-valent graph |D|. Let E be the oriented graph in R 2 obtained from |D| by removing the edges where ℓ passes. Then E is regarded as a 1-cycle of R 2 in the sense of singular homology theory. Modifying ℓ slightly, say ℓ ′ , we assume that E and ℓ ′ intersect transversely and each intersection corresponds to a classical crossing of D where ℓ passes exactly once. Since the algebraic intersection number of ℓ ′ and E must be zero, we see that the number of crossings of D where ℓ passes exactly once is even. Thus the number of crossings of D where ℓ passes is even. 
Then Q D is invariant under all Yoshikawa moves except Ω 4 and Ω ′ 4 . 
